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Abstract 

It is shown that certain global obstructions to gauge-invariance in chiral 
' gauge theory, described in the continuum by Alvarez- Gaume and Ginsparg, are 

exactly reproduced on the lattice in the Overlap formulation at small non-zero 

■ lattice spacing (i.e. close to the classical continuum limit). As a consequence, 

O i . h 

, the continuum anomaly cancellation condition d'^^ = is seen to be a necessary 

o 



(although not necessarily sufficient) condition for anomaly cancellation on the 
lattice in the Overlap formulation. 

1 Introduction 

The Overlap formalism [|l|, Q provides a potential solution to the important prob- 
lem of constructing chiral gauge theories nonperturbatively on the lattice. Gauge 
anomalies are a central issue in this context: One would like to show that a gauge- 
invariant formulation of chiral gauge theories on the lattice is possible when the usual 
(continuum) anomaly cancellation conditions are satisfied. Conversely, when these 
conditions are not satisfied, one would like to see the continuum anomalies emerge 
in the lattice formulation. In particular, an interesting test for a lattice formulation 
of chiral gauge theory is whether it can capture the global obstructions to gauge- 
invariance of the continuum theory, which reflect the topological structure of the 
determinant line bundle over the gauge orbit space 0, |^ . 
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In this paper we show that the overlap reproduces a basic class of such obstruc- 
tions, described in the continuum by Alvarez-Gaume and Ginsparg |^.[] This is a 
further demonstration of the ability of the overlap to reproduce topological features 
of the continuum theory.^ As a consequence we will see that the usual (i.e. contin- 
uum) local anomaly cancellation condition (( |1.4D below) is a necessary condition for 
local anomaly-free chiral gauge theory on the lattice in the overlap formulation. 

Global obstructions to the vanishing of local gauge anomalies in the overlap for- 
mulation were previously considered by H. Neuberger in [Q. An analogue of the 
the geometric perspective on the continuum chiral determinant as a section in a 
determinant line bundle was described for the overlap, and a class of global obstruc- 
tions (which are naturally described in this setting) was explicitly constructed for the 
abelian theory. These were seen to vanish precisely when the fermion content of the 
theory satisfies 

E4 = o (1.1) 

a 

where the e^'s label the irreducible U(l) representations of the fermion species. This 
is precisely the condition for cancellation of local gauge anomalies in the continuum 
theory. Thus, in the abelian case, the continuum anomaly cancellation condition ( |1 . 1|) 
is a necessary condition for gauge-invariance of the lattice chiral determinant in the 
overlap formulation.^ Our result is a nonabelian variant of this.0 

In the continuum theory, the global obstructions of Alvarez-Gaume and Ginsparg 

arise as follows. Take spacetime to be the Euclidean 4-torus (the choice of di- 

^ The possibility that this could happen had been previously mentioned in . 

^ The parity-invariant overlap formulation of vector gauge theory in odd dimensions reproduces 

the global gauge anomaly of the continuum theory |6[ 0, while for chiral gauge theory in even 

dimensions it has been shown to reproduce Witten's global anomaly j|, |^ . 

^ Herbert Neuberger has pointed out to me that these obstructions also arise for nonabelian 

gauge groups with U(l) subgroups, and that in four dimensions there are no additional restrictions 

in the nonabelian case, i.e. if all U(l) subgroups are free from anomalies then so is the nonabelian 

group. 

Although the class of obstructions that we consider is different: the ones in Q involve a torus 
in the orbit space of lattice gauge fields whereas ours involve a 2-sphere. 
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mension 4 is for concreteness; everything generalises to the T^" case for arbitrary n), 
gauge group SU{N), and consider a family (j)g of gauge transformations parameterised 
hj 6 E S^. If the fermion is in the fundamental representation then each (pg is a map 
from to SU{N), and the family of these corresponds to a map ^ : —>■ SU{N) , 
^{6,x) = (pei^)- The action of (pg on a gauge field A determines a family {A^}g^gi. 
The winding number of the phase of the chiral determinant around this circle-family 
of gauge fields is an obstruction to gauge-invariance of the chiral determinant (since 
if the determinant is gauge-invariant then it is constant around the family {A^} and 
the winding number vanishes). In it was shown that this winding number equals 
the degree of the map $. Thus the obstruction is no n- vanishing precisely when there 
exist maps $ : ^ SU{N) with non- vanishing degree (which happens, e.g., when 
iV = 3).Q 

In the general case where the fermion content is specified by some arbitrary (typ- 
ically reducible) representation R of SU{N), the preceding generalises as follows. 
Instead of the degree of $ , which is given by an expression of the form d°'^^habc where 

d"-^^ = 2tr((T"T'' + T^T'')r) (1.2) 

and the T'^'s are the generators of SU{N), the obstruction is given by d'^'^habc where 
^abc -g gjygj^ ( ^,2\ ) with replaced by R{T°') etc. Using the well-known fact that 
there is a relation of the form^ 

d^^" = c(/?)rf"'"= (1.3) 



^In js) the spacetime was S"* rather than T"* , and a condition 0o = 1 was imposed, which allows 
$ to be viewed as a map from to SU{N). There is no essential difference with the present case 
though, since there is an isomorphism between the homotopy equivalence classes of Map(5'^, SU{N)) 
and Map(T^S't7(A^)). 

^ The existence of a relation of this form can be seen as follows. Since the representation ring 
of SU (N) is generated by the fundamental representation and its complex conjugate, it suffices to 



show (1.3) in the case where i? is a tensor product of copies of the fundamental representation. Then 
R{T'') =T''«)l«)---«)l + l«)r''«)l«)---(g)l + ... + l(g)---(g)l(g)r° etc, and it follows that 
{R{T'')R{T'') + i?(r'')i?(T"))i?(T=) = (T°T'' + T''T'')T'' + + (T'^T'' + 

T'>T"')T''+ terms which have a single T", T^ or T" in one of the tensor slots. Since tr(r") = etc, 
it follows that the trace of these latter terms vanishes and we get (|L 
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we see that the obstruction in the general case is c{R) times the degree of $. Thus in 
the case where Map(T^, SU (N)) contains maps with non- vanishing degree a necessary 
condition for gauge-invariance of the chiral determinant is c{R) = , or 

d''^'' = (1.4) 

Of course, this is just the usual (necessary and sufficient) condition for anomaly 
cancellation in the continuum theory (the non-abelian analogue of ( |1 .11 )). 

In this paper we consider a lattice version of the preceding obstructions in the 
overlap formulation, and show that they reduce to the continuum obstructions in 
the classical continuum limit. Since the lattice and continuum obstructions are both 
specified by integers, it follows that the lattice obstruction is exactly equal to the 
continuum one at small non-zero lattice spacing (i.e. close to the classical continuum 
limit). Our approach is similar to the recent analytic work of O. Bar and I. Campos 
on the lattice version of Witten's global anomaly 0. When combined with the 
preceding observation (|1.3D, our result implies that ( |1.4D is a necessary condition for 
gauge-invariance of the lattice chiral determinant in the overlap formulation, at least 
in the case where Map(T^, SU{N)) contains maps with non- vanishing degree. [] 

It should be emphasised that global obstructions, and hence the results of this 
paper, are independent of the choice of phase in the overlap chiral determinant. 
In contrast, the consistent gauge anomaly for the overlap chiral determinant does 
depend on the phase choice. The consistent anomaly in the overlap formulation, and 



its classical continuum limit, has been previously studied in a number of works [1^, |TT 
T^, although these have all involved some form of approximation (e.g. linearisation 
of the overlap) and/or assumptions (e.g. weak field, slowly varying field). No such 
approximations or assumptions are made in this paper. 

The key question which these results lead on to (but which we do not pursue in 

this paper) is whether ( |1.4| ) is a sufficient condition for existence of a local anomaly- 
^In higher dimensions there are cases where the maps all have vanishing degree yet the anomaly 
coefEcient rf'^i-'^" (the symmetrised trace of T"-^ , . . . ,T'^") is non-vanishing. E.g. in dimension 
2n = 6 with gauge group SU(3) one has n7SU{3) = and d"^"'^"^"^ 7^ , cf . p.472 of g. 
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free lattice chiral gauge theory at non-zero lattice spacing. This is currently a topic 
of major interest and activity |TB|, [T5[. To proceed with this in practice, 

a specific phase choice must be made to begin with. (The standard choice is the 
so-called Brillouin-Wigner phase 0.) One can then try to "improve" the starting 
phase choice in various ways to get a local anomaly-free overlap when the cancellation 
condition holds. One practical approach is to average along the gauge orbits (i.e. the 
FNN mechanism); see and the ref.'s therein.^ Another, more theoretical, approach 
is to reduce the problem of going from an arbitrary starting phase choice to one for 
which the (local) anomalies vanish to that of solving a system of finite-difference 
equations on the lattice [0, |14|-0 In fact the integrability of these equations has 
been proved in the abelian case [T^-Q There are strong indications that the same 
can be done in the nonabelian case [|I4| , 0, although a complete proof of this has 
not yet been given. Quite recently, a practically-oriented analytic prescription for 
constructing anomaly-free non-compact chiral U(l) gauge theory on the lattice has 
been given, starting from a adiabatic phase choice for the overlap [|T5| . 



In §2 we review the overlap construction of the chiral determinant. In §3 the 
lattice version of the global obstruction of Alvarez-Gaume and Ginsparg is described, 
and is shown to reduce to the continuum obstruction in the classical continuum limit. 
The derivation of a key formula used to establish this is given separately in §4. This 
formula (( ^.l(j| ) below) is due to Liischer |T^, and our detailed explicit derivation in 
§4 is intended to complement the rather brief argument in Jl^. In §5 we make some 
concluding remarks. Some details of our calculations are given in an appendix. 



The viability of this approach has been a topic of debate in the Uterature ||T^, ^ , ahhough 



there is a body of evidence which is supportive of it — see, e.g., |19|, [20 . 

^ The formulation of ref.'s jl3[ Q (a functional integral formulation based on a lattice Dirac 

operator satisfying the Ginsparg- Wilson relation ||2l[], which had been rediscovered outside of the 

overlap setting in the work of Hasenfratz and collaborators ||2^, |2^) is structurally identical to the 

overlap formulation after identifying the chiral fermion measures in the functional integral with the 

many-body groundstates in the overlap. More on this in §2, where the many-body groundstates are 

the "unit volume elements" in our terminology. 

The argument in ||l3| relied on a result on the structure of the abelian axial anomaly |Q , which 

has been further elucidated in iBStl. 



2 Overlap construction of the chiral determinant on the lat- 
tice 

The spacetime is taken to be the Euchdean 4-torus with fixed edge length L. 
(Again, the choice of dimension 4 is for concreteness and simphcity; the arguments 
and results in the following generalise straightforwardly to the T^" case for arbitrary 
n.) We consider hyper-cubic lattices on with 2N sites along each edge and lattice 
spacing a = L/2N. ^ Given such a lattice, the space of lattice spinor fields ip{x) is 
denoted C , and the space of lattice gauge fields U^{x) is denoted U. The space C is 
finite-dimensional and comes equipped with an inner product: 

{^1,^2) = a'Y.M^rM^) (2.1) 

X 

With suitable boundary conditions, the covariant forward and backward finite differ- 
ence operators ^V^ act on C by 

V+V^(x) = U^{x)^{x + ae^) - ^{x) (2.2) 
V~i^{x) = ij{x) - U^{x - ae^y^ij{x - ae^) (2.3) 

denotes the unit vector in the positive /i-direction. We restrict to the case where 
U^{x) and ip{x) are periodic. This is the relevant case for considering the classical 
continuum limit with topologically trivial gauge fields. Since the chiral determinant 
vanishes in the topologically non-trivial case, this suffices for our purposes. Set = 
i(V^ + V^) ; this operator is anti-hermitian with respect to the inner product 
since (V^)* = — V|^. The Wilson-Dirac operator is now given by 

^M/i;.on = -y+^a(4A) (2.4) 

where ^ = I]/i7^V^ (the 7^'s are taken to be hermitian so is anti-hermitian), 
A = E,. + V+ = E^(V+)*V+ = E^(V^)*V; (hermitian, positive) and r > is 
the Wilson parameter. The hermitian operator 

H{m) = 'j5{aDwiison - rm) = 75()/ + r{^A - m)) (2.5) 
"This N is of course not related to the N in SU{N). 
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determines an orthogonal decomposition 



where C^'^'* and C^^'^^ are the subspaces spanned by the eigenvectors of H{m) with 
positive and negative eigenvalues respectively. (We are restricting to the m, U for 
which H{m) has no zero-modes.) These subspaces are characterised by e(m) = ±1 
on C^'^^ where 

, , Him) , 
eM = ^== (2-7) 

(the dependence on U has been suppressed). Noting that 

^i7(0) - f^75 

e m = , ' = 75 for m — > —oo 2.8 



we see that in the m — oo limit (|2.6|) reduces to the usual chiral decomposition 



C = C+ © C_ (2.9) 

independent of U. Set m = 1 (the canonical value; < m < 2 would suffice) and 
let v± and u^±(f/) be unit volume elements^ on C± and C±:''^^ respectively; these are 
unique up to phase factors. Then the lattice versions of the right- and left-handed 
chiral determinants in the overlap construction are, respectively, 

{v+,w+{U)) (right-handed) (2.10) 

{v-,w4U)) (left-handed) (2.11) 

(see for background and motivation). The w±{U) are required to depend smoothly 
on U ; then the overlaps ( p.l(]| )- (|2.11| ) are smooth in U. Note that a condition for 
non- vanishing overlaps is dimC±'^^ = dimC± = d. The overlaps are unique up 



^^A vectorspace V determines vectorspaces A^V {p—1,..., dim V): the exterior algebra (=Grass- 
mann algebra) of V of degree p. An inner product in V induces an inner product in each A'^V. A 
"unit volume element on y is an element v E A'^V [d ~ dvcaV) with \v\ — 1. E.g. if ui, . . . , t;^ is 
an orthonormal basis for V then wi A • • • A is a unit volume element. Since A'^V is 1-dimensional, 
a unit volume element is unique up to ± if F is real, or up to a phase if V is complex. 
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to a phase factor, and their norms are gauge-invariant (an easy consequence of the 
gauge-covariance of H{m), e(m)). 

Remark 2.1. The construction of the overlaps ( |2.10[ )-( p.ll[ ) requires that H{1) has 



no zero-modes. This can be guaranteed by imposing the condition |26, 27 



\\l-U{p)\\ < 0.04 Vp (2.12) 

on the lattice gauge field U , where U (p) is the product of the link variables around a 
plaquette p. This condition is automatically satisfied in the classical continuum limit 
since 1 - U{p^.^^^,) = -a^F^^{x) + O(a^). 

We henceforth restrict U to be the space of lattice gauge fields satisfying ( |2.12| ). 



Remark 2.2. The overlaps ( |2.10| )-( p.ll| ) are determined (up to a phase) solely by 
e = e(l). The construction could be carried through given any hermitian operator 
e with the property = 1. The norms of the resulting overlaps would be gauge- 
invariant provided e is gauge-covariant. 

Remark 2.3. The overlaps ( |2.10| )-( ^.11| ) can be written asQ 



ilY{v+,w+) = {v+,Dw+) = detDL (2.13) 
(D^iv-^w.) = {v.,Dw.) = det Dr (2.14) 



D = -(l + ^,e) (2.15) 



where 



a 

and e = e(l) is given by ( |2.7| ). This follows easily from the facts that (1 + 75e)u; = 
(l±75)w for w G C± '^^ and (l±75)t> = 2v for v G C±. The relations (|2.13| )- (|2.14| ) show 



how the overlaps can be viewed as chiral determinants in an analogous way to the 
continuum setting: Set 75 = 75(1 — aD) = —e , then 75^ = 1 and D75 = — 75-D , which 
implies that D maps := C±'^'* to C±. Thus, modulo the factors (f)'^, the right- 
handed overlap can be viewed as a left-handed chiral determinant, and vice- versa, as 

^•^ We are using the fact that a hnear operator D : W ^ V induces hnear operators D : A^W 
AW for all p , defined by D{wi A • • • A Wp) = Dwi A • • • A Dwp. Note that if 14^ = and d = dim V 
then ID{wi A • • • A Wd) — det D ■ wi A ■ ■ ■ A Wd- 



indicated in ( p.l3|) -( ^.14|) .p^ In this form the overlap arises as the chiral determinant 
in Liischer's formulation [|T3], [T^ after identifying the unit volume elements v± and 
w± (the many-body groundstates in the overlap) with the chiral fermion measures. 



These observations have been pointed out previously in |^8|, |2^. As mentioned there, 
it is easy to see that an operator D is of the form ( |2.15D , with e hermitian and = 1 , 
if and only if it satisfies the the following two conditions: 

-D75 + 75-D = aD'j^D (Ginsparg-Wilson relation [21]) (2.16) 

D* = 75D75 (75-hermiticity) (2.17) 

Also, clearly D is gauge-covariant if and only if e is gauge- covariant. The operator 
( |2.15 ), with e = e(l) given by ( p.7| ), is the Overlap Dirac operator introduced by 



Neuberger in pn|. It should also be mentioned that the Ginsparg-Wilson relation 



was rediscovered outside of the overlap setting in the work of P. Hasenfratz and col- 
laborators — they considered a different solution, the so-called perfect Dirac operator 



The nuUspace of D is invariant under 75 (this follows from the GW relation ( |2.16 



Dip = Q =^ Di^j^ip) = {aDj^D — ■y^D)ip = 0) so indexD = Tr(75|kerD) is well-defined, 
as was first noted in We only need to consider the lattice gauge fields U for 

which dimCi'^"* = dimC± = d , since the overlaps vanish otherwise. As noted in ||14|| , 
this corresponds to having index D = 0. Therefore, we henceforth take U to be the 
space of lattice gauge fields satisfying ( p. 121) and index D = 0. 



A careful consideration of the overlap prescription shows that the overlaps (w±,w±) really 
should be multiplied by a factor as in (2.12)-(2.14). These factors are physically irrelevant 



though: they appear both in the numerator and denominator in expressions for physical expectation 
values, and hence cancel out, and they do not affect anomalies since these only have to do with the 
phase of the overlaps. Nevertheless, they are relevant if one considers the chiral determinant on its 
own and wishes to use the lattice regularisation as an alternative to, e.g., zeta-regularisation. 
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3 Global obstructions to gauge-invariance of the Overlap 



From now on we consider only the right-handed overlap {v+ , w^{U)) (the situation for 
the left-handed overlap is analogous). A lattice version of the obstructions considered 
by Alvarez-Gaume and Ginsparg is as follows. Let (po be a family of lattice gauge 
transformations parameterised by G 5*^. We can assume that the fermion content 
is specified by the fundamental representation of SU{N); it will be clear from what 
follows that the general case is related to this case in the same way as in the continuum 
setting discussed in the introduction. If f/ G W is a lattice gauge field for which the 
overlap (f+ ,w^{U)) is non- vanishing]^ then the action of (pe on U determines a map 

S'^C~{0} , e^{v+,w+{<Pe-U)) (3.1) 

Since \{v+ ,w^{U))\ is gauge-invariant, we have (f+ ,w+{(f)g ■ U)) = e*°*^^^(f+ ,w^{U)) 
for some phase a{6) , and the map ( p.l|) has integer winding number W{^,U) = 
2^(a;(l) — a(0)). Obviously, if the winding number is non-vanishing (f+ , w+(f/)) can- 
not be gauge- invariant. To see that this is a genuine obstruction to gauge-invariance 
we note that it is independent of the choice of w+{U) : If w+{U) is another unit vol- 
ume element on C^''^'^ , smoothly varying with U , then w^{U) = e'^^^^'^w+{U) where 
the phase factor e*^*-^-* is smooth in U , and we have 

Assuming that {(pg ■ U}g(zsi is a contractible circle in U (which is certainly true close 
to the classical continuum limit), it follows that this has the same winding number 
as ( |3.1[ ) since since e^^^^^ is a smooth, non-vanishing, globally defined function of 
U. Hence the winding number Vr($, U) is an obstruction to gauge-invariance of the 
overlap, independent of the choice of w+. 

Our main result is that this obstruction coincides with the continuum one at small 
non-zero lattice spacing close to the classical continuum limit: 



15 



It can be seen from (2.13) that (i>+ ,u)+([/)) vanishes at the U for which D has zero-modes. 



Genericahy, these are isolated points in U. 

10 



Theorem. If (pg is the restriction to the lattice of a family of continuum gauge trans- 
formations (also denoted (pg) and U is the lattice transcript of a topologically trivial 
continuum gauge field, then there is an ao > (depending on the (pg's and U) such 
that 

W{^, U) = deg($) for all a < Oq (3.2) 

where deg($) is the degree of the continuum map $ : — >■ SU {N) given by ^{6, x) = 
(j)e{x). 

In light of the discussion in the introduction we conclude from this that, in the general 
case where the fermion content is specified by a general representation R of SU{N), 
a necessary condition for existence of a gauge-invariant construction of the overlap is 

d^^" = (3.3) 

The remainder of the paper is concerned with the proof of the above theorem. We 
start by expressing the obstruction as 

ZTll Jo 

= 7T- f ^ ^og{v+,w+) (3.4) 

where denotes the circle {(pg ■ U}g^s^ in U and d denotes the exterior derivative on 
functions (or more generally, differential forms) on U. After noting that 

dw+ = {w+ , dw+)w+ + {dw+)± (3.5) 

where {dw+)± denotes the projection of dw+ onto the orthogonal complement of w+ 
in A'^C , one finds § 

d log{v+ , w+) = ' (^^+)^) + (^^ , dw+) (3.6) 
The first term on the right-hand side of ( ^^ can be re-expressed as 

= TridDD-^P^) (3.7) 
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where P+ = 1(1 + 75) is the projection onto C+. This is a straightforward consequence 
of ( |2.13| ) and relations noted in |T^, |T^; for completeness we provide a derivation in 
the appendix. Then 



d \og{w+ , w+) = Ti{dDD-'P+) + {w+ , dw+) . 
Set = w+{(f)e ■ U) and let Dq denote D with lattice gauge field 



(3.8) 
U. The 



gauge-covariance of D gives -^Dq 



Tr 
Tr 



d9 



de 



S De] , leading to O, M 



dO 



dd 
iaTr( 



^e\P+-P- 



|«Tr(0-^75A) (3.9) 



2 V de 

where we have used the fact that P+D = DP^ where P_ = |(1— 75) , 75 = 75(1 — 0/}). 
Substituting (p.8|) into ( p.4|) and using ( pl9|) we get 

2TTiWi^,U) = I Ti{dDD-^P+) + (w+,dw+) (3.10) 



dO { — iaTr 



de 



75D1) + (ty 



+ ' de') 



(3.11) 



We have derived this relation under the assumption that the overlap is non-vanishing 
for U , or equivalently, that the Overlap Dirac operator D with lattice gauge field U 
has no zero-modes. By construction ($, U) is clearly smooth, and therefore locally 
constant, in such U . But it is ill-defined at the (generically isolated) points in U 
where the overlap vanishes. One such point is the trivial field U = 1 {m this case the 
zero-momentum spinors with definite chirality are zero-modes for D). However, the 
right-hand side of (|3.11|) is clearly smooth in U for all f/ G W (since D is smooth in 
the lattice gauge field when (|2.12| ) is satisfied [^), and must therefore be a locally 
constant function of U for all U ElA. In the continuum, any topologically trivial gauge 
field can be continuously deformed to the trivial field. It follows that when the lattice 
spacing a is sufficiently small, the lattice transcript U can be continuously deformed 
to the trivial lattice gauge field (using the lattice transcript of the continuum path). 
Therefore, to prove the theorem it suffices to show that there is an > such that 



W{^) = deg($) for all a < 

12 



(3.12) 



where denotes the right-hand side of ( p. 11 ) with trivial field U = 1. In this 

case Di acts trivially in colour space, and since (j^e^^ is in the Lie algebra of SU{N) 



the trace over colour indices in the first term in (|3.11| ) vanishes, resulting in 



{w+ , dw+) 



(3.13) 



A calculation gives 



d{w+ , dw+) 



{dw^ , dw^) 
Tr{PdPdP) 



(3.14) 



where 



P = P_ 



Hl-75) = i(l + e) 



(3.15) 



with e = e(l) given by (|2.7|) . The last equality in ( p.l4| ) is derived in the appendix. 
A simpler version of it (originating in [^) was used in ||^; the same relation in a 



different guise was subsequently noted in [|T^, |T^, and in more detail in |11|. Now, 
by Stokes theorem, if is a disc in U with boundary it follows that 



B2 



Ti{PdPdP) 
TT{P[deP,dtP])dedt 



(3.16) 



where {0,t) are taken to be polar coordinates on a unit disc parameterising B^. 
We take B^ to be the lattice transcript of a disc-family of continuum gauge fields, 
also denoted B^ , given by 



ht) e 



(3.17) 



where f{t) is an arbitrary smooth function equal to 1 in a neighbourhood of t = 1 and 
vanishing in a neighbourhood of t = 0. The lattice transcript f/(^'*) has the property 
1/(9^) = (f)g ■ I SO the boundary of B^ is as required in ( p.l6| ). Note that ( |3.16| ) 
is manifestly independent of the choice of w+{U) , i.e. independent of the choice of 
phase in the overlap. 
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A general formula for the classical continuum limit of the integrand in ( 3.16|) has 
been given by Liischer in WM: If f/('^'*) is the lattice transcript of a family A^*'*) of 
continuum gauge fields, and P = p(*'*) is the corresponding family of projection 
operators (given by (p.l5| )), then 

-1 



lim TT{P[dsP,dtP]) 



d'xe^,p^d'^''d,Al{x)dtAl{x)FUx) . (3.18 



Using this, (|3.12| ) follows easily from ( p.l6|) as we will see below, thereby proving the 
theorem. In ||14| the locality, smoothness and symmetry properties of P were used to 
show that the limit in ( |3.18| ) exists and is given by the integral over of a polynomial 
in the gauge fields and its derivatives. However, the explicit form of this polynomial 
(i.e. the integrand on the right-hand side of ( p.l8| )) was not obvious, at least to the 
present author, from the brief argument in Since (3.18) is an important formula 
in this context (it was also a key ingredient in the arguments of ref.'s and [Q) we 
will give a detailed, explicit derivation of it in §4. This is intended to complement 
the brief argument in [|1^ . 

By ( p.l8| ), the classical continuum limit of ( |3.16| ) is 

-1 



lim 2mW{^) = 



dedtd^xe^,p^d''''deAl{x)dtAl{x)FUx) . (3.19) 



with A = A*^^'*) given by ( p.l7|) . It remains to show that this is equal to 27rideg(<l>). 
Then, since H^($) is integer, we can conclude that iy($) = deg($) for all lattice 
spacings a smaller than some > and the theorem is proved. The right-hand side 
of (|3.18|) can be shown to equal 27rideg($) by a direct calculation @, but it is easier 
and perhaps more illuminating to proceed indirectly as follows. We view the family 
A^^'*^^ as a gauge field on B"^ xT^ : 



A{x,9,t) = Af'\x)dx^ = f{t)Mx)df.<l>e\x)dx^ 
and define another gauge field on x by 

A{x,9,s) = -f{s)de(t)0^{x)(t)e{x)de 



(3.20) 



(3.21) 



where B^ is another copy of the unit disc, with polar coordinates {6,s). B^ x 
and B^ x can be glued together along their common boundary S*^ x to get the 
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closed manifold S"^ x T'^. On the common boundary x the fields A and A are 
related by a gauge transformation: 

A=(!>-^ ■A= + <^'\dg + 4)$ 

where $ : iS^ x — SU{N) is given by $(^, x) = (j)e{x). Therefore A and ^ 
constitute a gauge field ^ on an SU (N) bundle over S'^ x with topological charge 
— deg($). The topological charge is also given by the integral of the Chern character 
over 5^ X , thus 

^•3 



deg($) 



(27r)33! xT4 



trj^^ 



(27r)33! 



(3.22) 



The second term vanishes: JF^ = since A only involves the 1-form d6. Regarding 
the first term, from = (4 + dg + dt)A + ^ A ^ we get 



tr = tT{dgAdtAF + dtAdgAF + dgAFdtA + dtAFdgA + FdgAdtA + FdtAdgA) 

Jabc 

) dgAFdtA'' F'' 



After substituting this for trjF'^ in ( ^.221 ) we see from ( |3.19| ) that lima^o W^('^') 
deg($) as required. 



4 A detailed derivation of Liischer's formula 



In this section we give a detailed, explicit derivation of the formula ( p.l8|) . We begin 
by noting that 

TT{P[dsP,dtP]) = ^TT{e[dse,dte]) 

= ^Tiiedstdte) (4.1) 

Setting H = H{1) we have 

H 75X 



X = a75i/ =y + r(iA-l) (4.2) 
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and a calculation using gives 



Tr{P[dsP,dtP]) 



+ ^Tr(9,(-^)9,(75X)) +iTr(^9.(75X)9,v^) (4.4) 



We will see below that ( |4.4|) ~ 0{a) and ( |4.5| ) = Symm + 0(a) where Symm is 
symmetric under interchange of 9^ and Since TT{P[dsP,dtP]) is antisymmetric 
under this interchange it follows that 



TT{P[d,P,dtP]) 



Tr(^i=9.(75X)^=L=9i(75X)- ^ 



-Tr( ^i9,(75X)^i=9,(75X)^i= 

^ vx*x vx*x vx*x 



fO(a)(4.6) 

To prove these statements, and evaluate the a — limit of ([4. 61), we use the fact that 



the lattice transcriptj^ 

f/^(x) = T exp(^ aA^{x + (1 - r)ae^) rfr) (4.7) 
can be expanded in powers of a as 

^M(a;) = E«"/ (ir„---ciriA^(x,r„)---A^(a;,ri) (4.8) 



n=0 



where A^{x, r) = A^(x + (1 — T)ae^). Since A/^(a;) is a smooth function on the closed 
manifold there is a finite K such that |A^(x)| < K for all x, /i. Then the norm of 



the integral in the n'th term of (|4.8| ) is bounded by ^K''^ , so (|4.8| ) is norm-convergent 
for all a. The inverse U^{x)~^ also has an expansion in powers of a: using the fact 
that U^{x)~^ is the parallel transport from a; to a; + ae^ specified by A we see that 
U^{x)~^ is given by the right-hand side of ( ^TSf ) with A^{x, r) = A^j^^x + rae^). 

Substituting these expansions in (^]2|)-(^]3|) gives an expansion = Z^J^o '^"(V^^)' 
This in turn gives an expansion X = Y^'^=Qa"'Xn- It is not difficult to show that the 
Here A — yl*^'*'*^ and U — t/*^^'*-* depend smoothly on the two parameters {s,t). 
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||(V^)n||'s and the ||X„||'s have a finite bound K' independent of a and n, so the 
expansions are norm-convergent when a is sufficiently small. 



To expand 1 / \/X*X we note that 

X*X = L + V (4.9) 

where 

L = -V^ + r2(|A-m)2 (4.10) 

V = + ^^11-^ 

V^'^ = ir7^[V,,EV+-V;] , T/(2) = -l[7^7-][V,,V.] (4.12) 

V 

Just as for X, the expansion ( [4.8| ) leads to expansions X*X = Y^'^=oa^{X*X)n , 
L = En=o(^''Ln, V = E^=oa''K where the | |(X*X)„| |'s, ||L„||'s and HKH's again 
have a finite bound independent of a and n. Furthermore, explicit calculations show 
that 

[V+,V+]V^(x) = {-a^F^,{x) + 0{a''))^{x + ae^ + ae,) (4.13) 
[V+ , V;]^/'(x) = i-a''F^,{x) + Oia'^))tP{x + ae^-ae,) (4.14) 
[V;,V+]V^(x) = {-a^Ff,^{x) + 0{a^))^{x-ae^ + ae^) (4.15) 
[V^,V;]^(x) = (-a2F^,(x) + 0(a3))^(x-ae^-ae,) (4.16) 

It follows that Vo = Vi = , i.e. the expansion of V starts with the term, hence 
||V^|| ~ O(a^). The leading term a^V^ is explicitly given (mod 0{a^)) by substituting 
(^:T3|) -(^16D into (plD-(CT)- We note from this that V2 = V^T^ where the T^'s are 
the generators of the Lie algebra of SU (N) and the V2^s are trivial in colour space. 

From ( [4.8|) we also get expansions of dsU^{x) and dsUfj,{x)^^ = Un{x)^^dsU^{x)U^{x)~^ 
in powers of a, leading to an expansion dgX = Y^'^=Qa^{dsX)n and expansions 
of ds{X*X) , dgL , and dgV. Note that these begin with the order a term, i.e. 
{dsX)o = {ds{X*X))o = {dsL)o = {dsV)o = 0. For later use we also note the follow- 
ing: (1) The lowest order term in the expansion of dsU^{x) (or dsU^{x)~^) is aA''^{x)T^ 
(or -aA|^(x)T^). (2) Applying ds to (^:TH|)-(^:TBD results in F^^{x) 9,F^^(x) , so 
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{d,V)o = = 0, \\d,V\\ ~ 0(a2) , and {d,V)2 = {d,V)lT' where the {d,V)l's 

are trivial in colour space. 

Note that the in ( [4 .91) are all contained in V. The hermitian positive operator 
L is trivial in Dirac indices and the lowest order term Lq in its expansion is diagonal 
with respect to the plane wave basis i^e"^"-^'^} ; the diagonal elements are 

— cos{ak^)) (4-17) 

From this we see that there is a 6 > independent of a such that Lq > 2b. Then, by 
taking a to be sufficiently small, we can achieve L > b and \ \V\ \ < in which case 



l/y/X*X can be expanded as follows: 

f'^ da 1 



da 



r°° da I' 1 \f'^ 

i-00 V V 1 + (L + a^y^V-^ ^L + a^' 

r V £(-i)'((^ + -')"^)' ■ (4-18) 

J-00 Tt L + a'^ 



For all p we have 



2 



fc=0 ' " k=0 

Since the integral of this over {—00, 00) is finite, the integral and sum in ([4.18|) can 
be interchanged, resulting in a norm- convergent expansion in powers of V : 

(X*X)-i/2 = ^ / — {-1)\{L + a^)-W)\L + a^Y^ (4.19) 

Since \\V\ \ ~ O(a^) the A;'th term in the sum is ~ 0{a^^) and we conclude that 

(X*X)-i/2 ^ ^ / ^ a''yW)\L + a^)-! + (4.20) 

where ^||-Rp+i|| for a ^ 0. Similarly, we find 

P fco flu , 

9,(X*X)-V2 ^ ^ / r ((L + a2)-V)'=(L + a^)-^ + (4.21) 

where ^| |<9^-Rp+i| | ^ for a ^ 0. 



The bound ||V^|| < 2 and triangle inequalities lead to an a— independent upper 
bound L < bi. Using this, the operator (L + a^)"^ in (|4.2U|) can be expanded as 



(ft, ^^2)( 1 bi-L ) 



oo 



= (&i + cT2)-i^(6i + a2) — (4.22) 

m=0 

Substituting the expansion L = J2^=oO'^Ln in ( [4.22|) , and then substituting in ([4.20|) 
the resulting expansion of (L + cr^)^^ , along with the expansion V = Y^'^=2 (^"'^n , 
we get an expansion {X*X)~'^^'^ = X^^^Lo '^"(^*^)n^^^- Similarly, after applying ds 
to ( [4.22|) and substituting the resulting expansion in ( [4.21|) , we get an expansion 
= X^^^a"(9,(X*X)-i/2)^ (note {ds{X*X)-^^\ = 0). These, together 
with the expansions of X and dX, lead to expansions O = Y.^=o (^^^n of the operators 
in (|4.3| )- (|4.5| ). It can be shown that there is a finite K independent of a and n such that 
\\On\ \ < K for these operators. This technical result will be presented elsewhere |p2||p^. 
This implies that the aforementioned operator expansions are all norm-convergent 
when a is sufficiently small. An immediate consequence is the following: In the 
resulting expressions E~=o a"Tr(0„) for (|3D-(|3|) the part E^=5 a"Tr(C„) vanishes 
in the a — >■ limit. To see this, let {V'i}i=i,.--,A/' be an arbitrary orthonormal basis for 
C ; then 

n>5 '^>5,j 

_ ^ °° ~ n 

< J2 aJ'K = a^MKY^a'' = AL^K— ^0 for a ^ 

n>5,j n=0 1 — a 

(4.23) 

where we have used the fact that M = dimC = 4(L/a)^. This shows that we only need 
to consider the a" terms with n < 4 in the expansions Z^^o '^"'^^(^^i) ( ^^ -( ^^ . 

To proceed with the determination of ([4.3|) - ([4.5|) in the a — > limit, we note the 

following: (i) Due to the presence of an odd number of 75 's, terms in the expansions 
It relies on the fact that Afj_{x) is periodic. The general (i.e. topologically non-trivial) case is 
more complicated. 
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involving a product of less that 4 7'^'s vanish, (ii) L , V'^^'^ and V^^^-* are are of order 
0, 1 and 2 respectively in the 7'^-matrices, c.f. ( [4. 121 ). (iii) In the expansion O = 
J2^=o '^"C'n of any operator O constructed from the V^'s, the term Oq is independent 
of the gauge field, so (9s (9) = 0. Hence non- vanishing terms in such expansions 
are at least 0{a) for a — > 0. (iv) As we have seen in ( |4.23| ), terms in the operator 
expansions which are of order > 5 in a give vanishing contributions in the a — > 
limit. 

At this point we can derive the postulated formula ( |4.6| ). Consider the first trace 
in (^3)- After substituting the expansion 

at least two Vs are non- vanishing after taking the trace over spinor indices. Since 
||l^|| ~ O(a^) , such terms are all of order > 4 in a. Since dti'y^X) ~ 0{a) it follows 
that the terms in the expansion ofds{X*X)-^/^dti-f5X) which are non- vanishing after 
taking the trace are all of order > 5 in the a — > limit, so ( |4.4| )^ 0(a) as claimed. 

We now consider the trace ( [4.5| ). First, note from ( ^4.2CI| )-( fi.22| ) that the lowest 
order term involving V (or containing 7'^'s) in the expansion of (X*X)^^/^ is 

- r - {Lo + ay'a'V,{Lo + a^' . (4.24) 

J -00 7T 

Using ( [4.22| ) and the fact that [Lq, V] ~ 0(a) we find that, modulo an 0(a) term, 
this is 



— Lo + (T V2 = -a ' V2 — = --( 

^00 vr J-00 vr (1 + a^)^ 2 



Similarly, the lowest order term containing 7^'s in the expansion ds{X*X)^^^'^ is 
— la^Lp ^^'^{dsV)2. To simplify the notation in the following, we write dgOn for {dsO)n- 
Now, using (i)-(iv) above, we find 

Ti[dsiX*X)-'/\X*XY/^-f5XdtiX*X)-'/^) 
= a'Tr{ds{X*X)2'^'{X*X)'J'^,Xodt{X*X)2'^')+0{a) 

a"*™ / ^-3/2rj .1/2^^ Y J -3/2 



-Tr( L,'^'dsV2L'Q''^,XoL^'''dtV2) + 0(a) (4.26) 

where we have also used (X*X)o = Lq. We now supplement (i)-(iv) above with the 
following observation (v): V2 and {dV)2 commute with Lq modulo an 0(a) term, 
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and commute with 75X0 modulo an 0{a) term and a term of order 1 in the It 
follows that, modulo an 0(a) term, ( ^.261 ) is symmetric under interchange of dg and 
dt as claimed. This proves the previously stated symmetry property of ( [4 .51) , thereby 
completing the derivation of ( |4.6|) . 

Turning now to the traces in (|4.(j|), similar arguments to the preceding give 



Tr(75X {X*X)-'/'ds{j,X) iX*X)-'/'dt{j,X) {X*X)-'/') 
= a^Tr(75Xo {X*X),'^' d^ii^X), {X*X),'/' d^i^.X), {X*X)o'^') 
WTt{i,Xo{X*X)^'/' ds{i5X)i{X*X)^'^' dt{i,X),{X*X),'/') 
+a^Tr(75Xo {X*X)^'/' dsii^X)^ {X*X)^'^' dt{i,X)^ {X*X),'/') + 0{a) 
= -^a^(t^"'' + t"^^ + t»''^)Tr( Lo '%Xo 9,(75X)? 9i(75X)5 + 0(a) (4.27) 



where we have set t"*'^ = ii{T"-T^T'^) . Modulo an 0(a) term, ( |4.27| ) is antisymmetric 
under interchange of ds{j^X)'[ and dt{'~i^X)\. To see this, note that ds{X*X)1 = 
75X0^5 (75X)'j' + (9s (75^)^75X0. Since (X*X)i = Li does not contain 7^'s, it follows 
that 75X0^5 (75^)^ can be replaced by — 9s(75X)"75Xo in (^4.27|). The claimed anti- 



symmetry then follows from the cyclicity of the trace after using (v) above. Taking 



we 



this into account in (j^, and noting ^d"^" = t^"^ + t"^^ = t""'' + t''™ = t"'"' + t' 
get 

Tr{P[d,P,dtP]) = -^a^rf«^^Tr(Lo'/%5Xo9,(75X)?9,(75X)J +0(a) (4.28) 
We calculate 



a,(75X)?a,(75X)? = [-Y{dsV,ri + K{dgA)f){Y{dtV.)\ + K{dA)l) 

= V"'' + a term not involving 7^'s (4.29) 



where 



yab ^ Y{l)ab ^ Y{2)ab ^^ gg^ 

yW'^" = -^rr{{dsV^riidM-idsA)UdtV,)l) (4.31) 

V'^'^''' = -l[r,Y]{dsV,ri{d,V.)\ (4.32) 
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It follows from (j^^ and (|i:29|)- (^) that 



TT{P[dsP, dtP]) = -^a'd^^^Tim'^Xo V^' V^) + 0(a) 



-3 



32 
+0(a) 



-5/2 



(2)c 



(4.33) 



y{i)ab y{'i)ab determined as follows. Recalling dsU^{x) = adsAf^{x) +0{a^ 



we get 



(a,Vj)iV>(x) = (dsA^ix) + 0{a))ij{x ± ae^) 



(4.34) 



and calculations give 



(dsV^riidtV.fMx) 



-{d,A';{x)d,Al{x) + 0{a)) 

ip{x + ae^ + acy) + ip{x + ae 



+ip{x — ae^ + aCy) + ip{x 



ae,. 



ae,. 



(4.35) 



Y^^{d,Alix)d,Alix) - d,Atix)d,Alix) + Oia] 



X 



■ip{x + ae^ + aey) + ip{x + ae^ — ae^,) 
+ip{x — ae^ + ae^) + ip{x — ae^ — ae^] 



(4.36) 



which determine V^^'^"'' and V^^'^''^ in (^3TD-(^). On the other hand, from (pi 
(gl2D and (|1|)-(|1|) we find that ^^^^^ and ^^^^^ coincide up to 0(a) with V^^)"'' 
and , respectively, after replacing dsA1j^(x)dtA'l(x) with — |-^^,^(a;). 



Having determined the operators in ( [4.33|) we can now evaluate the trace by first 
tracing over spinor indices and then evaluating the remaining trace in the plane wave 
orthonormal basis {(f)k{x)} for periodic scalar fields, given by 

1 



Mx) = jf^ 

N ={2Nf 

The result is 

Ti{P[dsP,dtP]) = 



ik-x 



fc^e^l-iV, -N+1,...,N-1} 



I 



327r 



^rf'^'V ^ e,y,^dA''^ix)dtAl{x)F'^,{x) 



(4.37) 
(4.38) 

(4.39) 
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where 



(4.40) 



k 



the "volume per k" in (4.38) 



Irik) 



-3r Ilt=iCosk^ - 1 + - cos/c^) - E 



sin fe„ 



M cos fcu 



5/2 



(4.41) 



^ Em sin^ /c^ + r2 ( -1 + E^(l - cos 

(The denominator in this expression comes from Lq^^'^ in (|4.33| ); we have used ( |4.17|) . 
Changing variables from k to ak in ( [4.4U[ ) leads to 



lim X 

a->0 



d^klr{k) . 



(4.42) 



This integral was encountered in |Q in connection with the axial anomaly for fermions 
with Overlap Dirac operator, and was found to equal 1 (independent of r). We can 
now take the a — >• limit in ( [4.39|) and get the desired result: 

-1 



hm Tr(P[9,P,9,P]) = -— 
a-*o 327r"^ 



'ahc 



rp4 



d''xe,,p^dsAl{x)dtAl{x)F'(x) (4.43) 



In deriving this formula we have followed the approach used in [R^ for calculating 
the axial anomaly for the overlap Dirac operator. Presumably the other approaches 
of ref.'s [0 and |^5|] could also be used to derive this formula. 

Remark. The preceding also shows that 



lim -ti{[e[dse,dte]\{x,x)} 

a->0 X 



327r2 



fiupa 



dsAl{x)dtAl{x)F^^^{x) 



-1 
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tT{J^{x,s,t)Y 
(4.44) 



Here [■ ■ •](x, y) denotes the kernel of the operator [■■■], J^{x, s, t) is the curvature of 
the gauge field A{x,s,t) = A^^'^\x)dx^ in 6 dimensions, and the last coefficient 



arises as 2Tci( 



2in 



This result for the "topological field" q{x,s,t) 



|tr{[e[(9se, (9te]](x, x)} in 6 dimensions was used in fl^p^ to show the existence of 
a W-^.{U) (or equivalently, the existence of a local gauge-invariant current j^{x) sat- 
isfying certain conditions) to all orders in an expansion in the lattice spacing a such 
In a more general q{x, s, t) was considered; however, to obtain the mentioned result it 
suffices to consider the present q{x, s, t). 

23 



that the corresponding overlap (f+ , w+) is gauge- invariant when rf^'"^ = 0. The calcu- 
lations in this section leading to ( |4.44| ) above could therefore be useful as a starting 
point for finding explicit expressions for the terms in j^{x). 



5 Concluding remarks 

The main result of this paper is that the overlap formulation of chiral gauge theory 
on the lattice reproduces the global obstructions to gauge-invariance discussed in the 
continuum by Alvarez-Gaume and Ginsparg [^. We showed that the obstruction 
on the lattice reduces to the continuum obstruction in the classical continuum limit. 
This, together with the fact that the lattice obstruction is also an integer (winding 
number), implies that the lattice obstruction coincides exactly with the continuum 
one for small non-zero lattice spacing (i.e. close to the classical continuum limit). 
Thus the overlap formulation is seen to exactly capture topological structure of the 
continuum theory in the nonabelian case, just as it does in the abelian case considered 
previously in [Q. We mention again that, while we have taken the spacetime to be the 
4-dimensional, our arguments and results generalise straightforwardly to Euclidean 
spacetime T^" for arbitrary n. 

It might be instructive to compare this with the situation for chiral Wilson 
fermions on the lattice (where gauge-invariance is explicitly broken due to the Wilson 
term, and only restored in the a — limit). In this case the consistent local anomaly 
^ logdet(D^j[^Q„)+ has been shown to converge to the continuum anomaly in the 



classical continuum limit ||3^, so the integral 



ZTTl Jo do 



converges to the continuum global obstruction deg($) in this limit. However, for 
non-zero lattice spacing the integral Wwusoni^) is non-integer in general -it does not 
have a winding number interpretation since | det(D^j;gon)+l gauge-invariant. 
This is in contrast to the overlap case where 

Wm = ^.fde^ logK , w^{<Pe ■ U)) 
2m Jo at) 
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is an integer (winding number) since , w^{U)) \ is gauge-invariant and (f+ , w^{(j)o- 
U)) differs from {v ,w+{U)) only by a phase factor. Tlius, in contrast to the overlap 
case, the non- integer Wwusoni^) is in general not equal to the integer- valued contin- 
uum obstruction deg($) at any non-zero lattice spacing; equality only occurs in the 
limit a — ^ 0. 

As a consequence of our main result, we found that the continuum anomaly can- 
cellation condition d'^'^ = is a necessary condition for anomaly cancellation in the 
overlap on the lattice (at least when Map{T^, SU{N)) contains maps with non-trivial 
degree). While this is no surprise, our derivation is robust compared to other ap- 
proaches: Firstly, it is independent of the choice of phase in the overlap (in contrast 
to the consistent local anomaly which does depend on the phase choice), and secondly, 
no approximations, or assumptions on the gauge field, have been used. 

In the continuum argument of ref. [Q, the winding number obstruction iy($) 
is shown to equal the index of a Dirac operator V in 6 = 2n + 2 dimensions. The 
index theorem is then used to get index P = deg $. In this paper we have followed a 
different route: a lattice version of the determinant line bundle approach of ref. 
In fact, it is also possible to give a lattice version of the original argument of Alvarez- 
Gaume and Ginsparg in the overlap setting, using a certain lattice Dirac operator in 
2n + 2 dimensions (with the extra 2 dimensions being continuous) WW^ 

The obstructions of Alvarez-Gaume and Ginsparg are but one type of obstruction 
to gauge- invariance of the chiral determinant. In general, the obstructions are mani- 
festations of non-trivial topological structure of the determinant line bundle over the 
orbit space of gauge fields. This topic has been studied in detail in the continuum; 
see, e.g., 0]. The results of [Q and the present paper suggest that in general the 
continuum topological structure of the determinant line bundle can be reproduced 
on the lattice in the overlap formulation (at least when the spacetime manifold is a 
2n-dimensional torus) . The determinant line bundle comes equipped with a canonical 
^^In this case, the index density of the lattice T) turns out to be the aforementioned topological 
field q{x, s, t) in 6 = 2n+2 dimensions which appeared in ref. [Q. 
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f/(l) connection, and the difference ImT{A^^^) — ImT(A^^^) for the effective action 
T{A) = log det{D^) can be expressed in terms of the parallel transport of this con- 
nection along a path joining A^^^ to A^^^ |^. This can in turn be expressed in terms 
of a spectral flow (//-invariant) of a Dirac operator and a Chern-Simons term, both in 
5 = 272 + 1 dimensions. Lattice versions of these relations in the overlap setting have 



already been found 28 



Finally, it is interesting to note that the quantity Ti{PdPdP) = ^TT{edede) , 
which in the present setting appears as the curvature of the overlap determinant line 
bundle (or the 'Berry curvature' in the terminology of ref. |^), also arises as the 
curvature of a determinant line bundle in canonical quantisation of the continuum 
theory.]^ See and the ref.'s therein. In that setting one considers a certain 
infinite-dimensional Grassmannian manifold consisting of splittings Vj^ © V- of the 
Hilbert space of 1-particle states; each splitting corresponds to an e = Py^ — Pv-- 
There is a canonical determinant line bundle on this manifold, and its curvature turns 
out to be a renormalised version of |Tr(e(ie(ie).0 It could be interesting to explore 
the apparent analogy between this continuum formulation and the lattice overlap 
formulation. Recently, an obstruction to canonical quantisation of the continuum 



theory on odd-dimensional spacetimes was described in [^. Instead of the 'Berry 
curvature' 2-cocycle, the obstruction there is given in terms of a 3-cocycle known 
as the Dixmier-Douadly class. It could be interesting to see if there is something 
analogous to this in the lattice overlap formulation. 
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that involves non-local operators. 
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Appendix 



A Derivation of (^T7|)- 



. ,idw+)±) _ 



{v+ ,w+) 



Tr{dDD-^P^ 



Let U {t) be a smooth curve in U. Using ( |2.13| ) we calculate 



d 
dt 



log {v+ , w+) 



d 

'dt 



log {v+ , Dw+) 



{v+ , Dw+} 

At t = (and with our assumption that D has no zero-modes) we have 



{v^,Dw^)^^l^^det{D{t)D{0)-' 
{v+,Dw+)TTiiDD-'P+) 



{A.l] 



so the first term on the right-hand side of ( |A.1| ) is Tt{-^DD Comparing ( [A.l ) 

with we see that (^) holds iff 

{v+ , Diw+) = {v+ , Dw+) {w+ , iw+) (A.2) 

Choose an orthonormal basis Wi{t), . . . , Wd{t) for C^^'*^*^*)) such that ty+ = Wif\- ■ -AWd- 
Then 



{v+ , Diw+) = > ^^(^1 A ■ ■ ■ A A ■ ■ ■ A Wd)) 

Substitute f^wj = Yfk=i{wk , f^Wj)wk + {ft^j)± in (|A^) , where {jiWj)± e C 



(A.3) 



(l,C/(t)) 



Since D maps C± = C^''^^ to , the terms involving {■^Wj)± give vanishing contri- 
bution, and we get 
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This equals the right-hand side of ( |A.2|) as required, since 

d 

d d 



B Derivation of (^TT^) 

It suffices to restrict to a surface in U with coordinates (s, t) and show 

{dsw+, dtw+) - {dtw+, dsw+) = Ti{PdsPdtP) - Ti{PdtPdsP) (B.l) 

Let t), . . . ,Wd{s,t) be an orthonormal basis for c^^'^^**'*)) snoh that = wi A 
■ ■ ■ A Wrf. It is convenient to use bra-ket notation: 

d d 
P = ^\wk){wk\ , dsP = ^\d,Wk){wk\ + \wk){dsWk\ 

k=l k=l 

Then 

d 

Ti{Pd,PdtP) = Y.(^^9sPdtP\w,) 
j=i 

d 

= {wj\(^\dsWk){wk\ + \wk){dsWk\)(^\dtWi){wi\ + \wi){dtWi\j\wj) 

j,k,i=i 

= Y{wj\dsWk){wk\dtWj) + ^{wj\dsWk){dtWk\wj) 

j,k j,k 

+ Y,{dsWj\dtWj) + Y,{dsWj\wi){dtWi\wj) (B.2) 

j k,l 

The first and fourth sums are clearly symmetric under dg ^ dt- The second sum 
is likewise symmetric under dg ^ dt as is easily seen using {6wj\wk) + {wj\6wk) = 
6{wj\wk) = 0. It follows that 

Tr{PdsPdtP) - TiiPdtPdgP) = J2{dsWj\dtWj) - {dtWj\dsWj) 

j 

and this is equal to the left-hand side of (|B.1|) as required. 



28 



References 

[1] R. Narayanan and H. Neuberger, Phys. Lett. B 302 (1993) 62; Phys. Rev. 
Lett 71 (1993) 3251; Nucl. Phys. B 412 (1994) 574 



[2] 
[3] 
[4 



[5] 
[6] 
[7 
[8 
[9 

[lo: 
[11 

[12 
[13 
[14 
[15 
[16 
[17 



R. Narayanan and H. Neuberger, Nucl. Phys. B 443 (1995) 305 

L. Alvarez-Gaume and P. Ginsparg, Nud. Phys. B 243 (1984) 449 

M. F. Atiyah and L M. Singer, Proc. Natl. Acad. Sci. USA 81 (1984) 2597; 
J.-M. Bismut and D. S. Freed, Commun. Math. Phys. 106 (1986) 159; 107 
(1986) 103. 

H. Neuberger, Phys. Rev. D 59 (1999) 085006 

R. Narayanan and J. Nishimura, Nucl. Phys. B 508 (1997) 371 

Y. Kikukawa and H. Neuberger, Nucl. Phys. B 513 (1998) 735 

H. Neuberger, Phys. Lett. B 437 (1998) 117 

O. Bar and I. Campos, Nucl. Phys. B 581 (2000) 499 

S. Randjbar-Daemi and J. Strathdee, Phys. Lett B 348 (1995) 543; Nucl. 
Phys. B 443 (1995) 386; 466 (1996) 335; Phys. Lett. B 402 (1997) 134 

H. Suzuki, Prog. Theor. Phys. 101 (1999) 1147 

H. Suzuki, |hep-lat/0002"009 



M. Liischer, Nucl. Phys. B 549, 295 (1999) 
M. Liischer, Nucl. Phys. B 568 (2000) 162 
H. Neuberger, |hep-lat/0002032 



M. Golterman and Y. Shamir, Nucl. Phys. Suppl. 47 (1996) 603 

R. Narayanan and H. Neuberger, Phys. Lett. B 358 (1995) 303; 

29 



[18] T. Izubuchi and J. Nishimura, JHEP 9910:002 (1999) 

[19] R. Narayanan and H. Neuberger, Nucl. Phys. B 477 (1996) 521; Phys. Lett. 
B 402 (1997) 320; Y. Kikukawa, R. Narayanan and H. Neuberger, Phys. Lett 
B 399 (1997) 105; Phys. Rev. D 57 (1998) 1233 

[20] Y. Kikukawa, Nucl. Phys. (Proc. SuppL) 63 (1998) 587 

[21] P. Ginsparg and K. G. Wilson, Phys. Rev. D 25 (1982) 2649 

[22] P. Hasenfratz and F. Niedermayer, Nucl. Phys. B 414 (1994) 785; P. Hasen- 
fratz, in Non-perturbative quantum field physics (Peniscola 1997), eds. M. 
Asorey, A. Dobado (World Scientific, Singapore, 1998); Nucl. Phys. B (Proc. 
Suppl.) 63A-C (1998) 53; Nucl. Phys. B 525 (1998) 401. 

[23] P. Hasenfratz, V. Laliena and F. Niedermayer, Phys. Lett. B 427 (1998) 125 

[24] M. Liischer, Nucl. Phys. B 538, 515 (1999) 

[25] T. Fujiwara, H. Suzuki and K. Wu, Phys. Lett. B 463 (1999) 63; Nucl. 
Phys. B 569 (2000) 643; |hep-lat/9910030| ; |hep-lat/0001029| ; H. Suzuki, ^ 



lat/9911000| 9 



[26] P. Hernandez, K. Jansen and M. Liischer, Nucl. Phys. B 552 (1999) 363 
[27] H. Neuberger, Phys. Rev. D 61 (2000) 085015 
[28] T. Aoyama and Y. Kikukawa, |hep-lat/ 9905003 



[29] H. Neuberger, |hep-lat/ 99110^ |hep-lat/99l20T^ 



[30] H. Neuberger, Phys. Lett. B 417 (1998) 141; 427 (1998) 353 
[31] J. E. Avron, R. Seller, B. Simon, Phys. Rev. Lett. 51 (1983) 51 
[32] D. H. Adams, in preparation 

[33] D. H. Adams, |hep-lat/981200^ ; H. Suzuki, Prog. Theor. Phys. 102 (1999) 141 

30 



[34] Y. Kikukawa and A. Yamada, Phys. Lett. B 448 (1999) 265 

[35] K. Fujikawa, Nucl. Phys. B 546 (1999) 480 

S. Aoki, Phys. Rev. D 35 (1986) 1435; A. Coste, C. Korthals Altes and O. 
Napoly, Nucl. Phys. B 289 (1987) 645; T. Johcoeur, R. Lacaze and O. Napoly, 
Nucl Phys. B 293 (1987) 215 



[37] D. H. Adams, |hep-lat/9910036| v2 



[38] S. Delia Pietra, V. Delia Pietra and L. Alvarez-Gaume, Commun. Math. Phys. 
109 (1987) 691 



J. Mickelsson, Commun. Math. Phys. 154 (1993) 403 
[40] J. Mickelsson, |hep-lat/9602"030 



[41] A. L. Carey and J. Mickelsson, |hep-th/ 99 12003 



31 



